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Orbital Magnetism and Transport Phenomena in Two Dimensional Dirac Fermions in
Weak Magnetic Field
Masaaki Nakamura
Department of Applied Physics, Faculty of Science,
Science University of Tokyo, Kagurazaka, Shinjuku-ku, Tokyo 162-8601, Japan
(Dated: September 12, 2018)
We discuss the orbital magnetism and the Hall effect in the weak magnetic field in two dimensional
Dirac fermion systems with energy gap. This model is related to the graphene sheet, organic
conductors, and d-density wave superconductors. We found the strong diamagnetism and finite
Hall conductivity even in gapped systems. We also discuss the relation between the weak-magnetic
field formalism and the Landau quantization with the Euler-Maclaurin formula.
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Introduction— Experimental studies of graphene have
revealed interesting physical properties[1, 2]. An anoma-
lous quantum Hall effect is observed where the quan-
tized conductance is described by σxy = ± e2h (4n + 2)
(n = 0, 1, 2, · · · ). This result is explained by the band
structure of graphene which has gapless point due to
the hexagonal lattice and a linear dispersion around the
gapless point[3–5]. Moreover, the minimal conductivity
σmin = e
2/h par channel is observed, but theoretical ex-
planation for this is not successful [4–7]. If the Fermi
energy is near the gapless point, the low-energy property
of this system is described by the two-dimensional (2D)
Dirac fermions. Similar gapless system is also found in
the organic conductor α-(BEDT-TTF)2I3, which has a
tilted linear dispersion [8, 9]. Moreover, the high-Tc su-
perconductor with d-density-wave gap is also discussed
as a Dirac fermion system[10, 11].
The physical properties of Dirac fermions in magnetic
fields have been studied by assuming the Landau quan-
tization. On the other hand, quite recently, Fukuyama
discussed the magnetic susceptibility and the Hall effect
of the gapless Dirac system using the formalism of the
weak magnetic field[12]. It is predicted that this sys-
tem shows a strong diamagnetism. On the other hand,
gapped systems are also interesting. Opening of a en-
ergy gap is also studied experimentally. The physical
meaning of gap is directly related to the electron density
imbalance between the two sublattices of the bipartite
hexagonal lattice of graphene. We are also interested
in the relation between the results of the theory of the
strong magnetic field where the Landau quantization is
essential and the weak magnetic field, especially for the
magnetic susceptibility. In this paper, we generalize the
Fukuyama’s work[12] to the gapped systems, and discuss
the relation to the strong magnetic field.
The single particle Hamiltonian of the 2D Dirac
fermion is given by
Hˆ0 = v(pxσx + pyσy) + σz∆, (1)
where v is the Fermi velocity, ∆ is the energy gap, and
σi (i = x, y, z) is the Pauli matrix. In the presence of the
magnetic field, the momentum operator p = −i~∇ in the
Hamiltonian is replaced byΠ = p+eA/c where ∇×A =
(0, 0, B). The Hamiltonian in the many body system is
given by the field operator Ψ†(r) = [ψ†+(r), ψ
†
−(r)],
H =
∫
d2rΨ†(r)Hˆ0Ψ(r). (2)
Orbital Magnetism— The general formula of the
magnetic susceptibility of the interband system in
terms of the temperature Green function is derived by
Fukuyma[13]. This result is obtained by the Luttinger-
Kohn representation[14] for the basic functions and
the Fourier expansion of the vector potential A(r) =
−iAq(eiq·r − e−iq·r) with B = qxAyq − qyAxq as,
χ =
e2v4
βV c2~2
∑
n
∑
k
tr [GσxGσyGσxGσy], (3)
where β = 1/kBT and V are the inverse temperature
and the volume of the system, respectively. The tem-
perature Green function is given by G ≡ G(k, iωn) =
(iω˜n − Hˆ0/~)−1, where iω˜n ≡ iωn + [µ + isgn(ωn)Γ]/~,
with ωn ≡ (2n+ 1)pi/β~ being the Matsubara frequency
of fermions. Here, we have introduced the scattering rate,
Γ = −Im ΣR neglecting the frequency dependence, for
simplicity. The matrix trace tr [· · · ] of eq. (3) is calcu-
lated as
16v4k2xk
2
y
[(iω˜n)2 − v2k2 − ∆˜2]4
− 2
[(iω˜n)2 − v2k2 − ∆˜2]2
, (4)
where ∆˜ ≡ ∆/~. Integrating out the wave number k, we
have
1
V
∑
k
[eq. (4)] =
1
3piv2[(iω˜n)2 − ∆˜2]
≡ F1(iω˜n). (5)
Finally, taking the ωn-summation as the contour integra-
2tion, the susceptibility is obtained as
χ =
e2v4
c2~
1
β~
∑
n
F1(iω˜n) (6)
=
e2v4
c2~
−1
2pii
∫ ∞
−∞
dωf(~ω)
[
F1(ω + iΓ˜)− F1(ω − iΓ˜)
]
,
(7)
where f(x) ≡ (eβ(x−µ) + 1)−1 is the Fermi distribu-
tion function and Γ˜ ≡ Γ/~. Especially, in the zero-
temperature limit f(x)→ θ(µ− x), we have
χ =− e
2v2
6pi2c2~2∆
[
Tan−1
µ+∆
Γ
− Tan−1µ−∆
Γ
]
(8)
=− e
2v2
3pi2c2~2
Γ
Γ2 + µ2
(∆→ 0). (9)
In the ∆→ 0 limit, this result coincides with that of the
gapless system[12], as expected. Moreover in the clean
limit Γ→ 0, this gives the δ-function with negative sign.
The chemical potential dependence of the susceptibility
is shown in Fig. 1(a). This result shows that a strong
diamagnetism appears even in the presence of a gap, and
the susceptibility takes the minimum value when µ is in
the middle of the gap. This result is similar to the case
of bismuth[13].
Now we will show that the magnetic susceptibility (7)
is also obtained by the Landau quantization formalism.
To do this, it is sufficient to derive eq. (5). The Hamil-
tonian (1) in the magnetic field is given by
Hˆ0 =
[
∆ vΠ−
vΠ+ −∆
]
, (10)
where Π± ≡ Πx ± iΠy . Since the commutation relation
between these operators is [Π±,Π∓] = ∓2eB~/c, there
is the correspondence to the creation and the annihila-
tion operators of the harmonic oscillator: Π+ →
√
2~
l
a†,
Π− →
√
2~
l
a where l ≡
√
c~/eB and eB > 0. Then the
eigenvalue and the eigenstate of (10) is obtained as
Hˆ20|k〉〉 =M2k |k〉〉, Mk ≡
√
2k
~2v2
l2
+∆2, (11)
|k〉〉 ≡ 1√
2
[ |k − 1〉
|k〉
]
(k > 0), |0〉〉 ≡
[
0
|0〉
]
, (12)
where k = 0, 1, 2, 3, · · · denote the Landau levels with
positive energy, and |k〉 corresponds to the number state
of the harmonic oscillator. Note that k = 0 state is spe-
cial: one component has zero amplitude, and the normal-
ization factor is different from k > 0 cases.
According to the functional integral method, the ther-
modynamic potential is given by the temperature Green
function as
Ω(B) = − 1
β~
∞∑
n=−∞
Tr log(−iω˜n + Hˆ0/~)
= − 2V
pil2β~
∞∑
n=−∞
[ ∞∑
k=1
log
∣∣(iω˜n)2 − (Mk/~)2∣∣
+
1
2
log
∣∣(iω˜n)2 − (M0/~)2∣∣
]
. (13)
Here factor V/pil2 in eq. (13) is the degeneracy of the
Landau levels for |k| > 0. For k = 0, the degeneracy is
V/2pil2. Using the Euler-Maclaurin formula,
1
2
g(0) +
∞∑
k=1
g(k) ≃
∫ ∞
0
g(x) dx− 1
12
g′(0), (14)
the summation over the index of the Landau levels in
eq. (13) is evaluated in the B → 0 limit as
1
pil2
[· · · ] = 1
pil2
∫ ∞
0
dx log
∣∣∣(iω˜n)2 − 2xv2/l2 − ∆˜2
∣∣∣
+
1
6pil4
v2
(iω˜n)2 − ∆˜2
. (15)
Since the first term of eq. (15) is constant with respect
to the magnetic field, the contribution to the magnetic
susceptibility is given as
− 1
2V
(
c~
ev2
)2
∂2Ω
∂B2
=
1
3piv2
∞∑
n=−∞
1
(iω˜n)2 − ∆˜2
. (16)
Thus eq. (5) is obtained. This means that the two differ-
ent formalisms for the magnetic susceptibilities give the
same result.
Hall effect— Next, we consider the transport proper-
ties of this system. The conductivity of the 2D Dirac
system is already derived in Ref. [11]. To clarify the
derivation of the Hall conductivity σxy, we rederive this
result first. The conductivity is given by the Kubo for-
mula,
Re σµν = lim
ω→0
Im Π˜µν(0, ω + iη)
~ω
, (17)
where Π˜µν(q, ω) ≡ Πµν(q, ω) −Πµν(q, 0). The polariza-
tion function in the Matsubara form is given by
Πµν(q, iνm) =
1
V
∫ β~
0
dτeiνmτ 〈TτJµ(q, τ)Jν (0, 0)〉,
(18)
Π˜µν(0, iνm) = − e
2v2
β~V
∑
k
∑
n
tr [GσµG+σν ] , (19)
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FIG. 1: (a) Magnetic susceptibility χ¯ ≡ χ3pi2c2~2/e2v2,
(b) Conductivity σ¯ ≡ σ2pih/e2, and (c) Hall conductivity
σ¯xy ≡ σxy4pi
2c/e3v2B of the 2D Dirac fermions in the weak-
magnetic field, as functions of the scaled chemical potential
µ/Γ. The results (a), (c) of gapless case (∆ = 0) are derived
in Ref. [12].
where G+ ≡ G(k, ωn+ νm) with νm = 2pim/β~ being the
Matsubara frequency of bosons. The current operator is
given by
Jµ(q, τ) = −ev
∑
k
Ψ†(k+, τ)σµΨ(k
−, τ), (20)
where k± ≡ k±q/2. The matrix trace tr [· · · ] in eq. (19)
for µ = ν = x is calculated as
2[(iω˜n)(iω˜
+
n )− ∆˜2]
[(iω˜n)2 − v2k2 − ∆˜2][(iω˜+n )2 − v2k2 − ∆˜2]
≡ F2(iω˜n, iω˜+n ),
(21)
where ω+n ≡ ωn + νm. The summation of the Matsubara
frequency is carried out in the following way,
1
β~
∑
n
Fi(iω˜n, iω˜
+
n ) =
−1
2pii
∫ ∞
−∞
dωf(~ω) (22)
× [Fi(ω + iΓ˜, ω + iνm + iΓ˜)− Fi(ω − iΓ˜, ω + iνm + iΓ˜)
+ Fi(ω − iνm − iΓ˜, ω + iΓ˜)− Fi(ω − iνm − iΓ˜, ω − iΓ˜)].
After expanding eq. (22) in the linear order of iνm and
the partial integration of ω, it follows from eqs. (17) and
(19) that the conductivity is calculated as
σ =
e2
4pi2
∫ ∞
−∞
dω[−f ′(~ω)]A2(~ω,Γ,∆), (23)
A2(x,Γ,∆) ≡
Γ2 −∆2 + x2
2Γ|x|
(
pi
2
− Tan−1∆
2 + Γ2 − x2
2Γ|x|
)
+ 1. (24)
Here the last term in eq. (24) stems from the first and
forth terms in eq. (22) where two frequencies have the
same analytic properties, while the other terms originate
from the second and the third terms. At zero temper-
ature, f ′(x) = −δ(x − µ), we have σ = e22pihA2(µ,Γ,∆)
which is derived in Ref. [11]. The chemical potential de-
pendence of the conductivity is shown in Fig. 1(b). In
the limit µ/Γ → 0, we have the minimal conductivity,
σmin =
e2
pih
(1 + ∆2/Γ2)−1. The dependence of the mag-
netic field B can be calculated in the similar way of σxy
which is discussed below [eq. (25) for (µ, ν) = (x, x)].
One can show, however, that the conductivity has no B-
dependence in the linear order.
The Hall conductivity σxy in a weak magnetic field is
obtained in the following way[15, 16]: The Fourier expan-
sion of the vector potential is chosen as A(r) = Aqe
iq·r.
Then by the perturbative expansion of eq. (18) in terms
of the Hamiltonian in the magnetic fieldH−Aq·J(−q)/c,
σxy is given by the three point correlation function, and
the linear term of the magnetic field B = i(qxA
y
q − qyAxq)
is obtained by the q expansion of the Green function
∂kµG = vGσµG as,
Πµν(q, iνm) = −
∑
α=x,y
Aqα
c~
1
V
∫ β~
0
dτ
∫ β~
0
dτ ′
× eiνmτ 〈TτJµ(q, τ)Jα(−q, τ ′)Jν(0, 0)〉, (25)
Π˜µν(0, iνm) = −iB
c~
e3v4
2
1
V β~
∑
k,n
× tr [σµG+σxG+σνGσyG − σµG+σyG+σνGσxG
+ σµG+σxG+σyG+σνG − σµG+σyG+σxG+σνG
+ σµG+σνGσxGσyG − σµG+σνGσyGσxG]. (26)
The matrix trace tr [· · · ] for (µ, ν) = (x, y) in eq. (26)
becomes
−4[(iω˜n)2 − (iω˜+n )2][(iω˜n)(iω˜+n )− ∆˜2]
[(iω˜n)2 − v2k2 − ∆˜2]2[(iω˜+n )2 − v2k2 − ∆˜2]2
≡ F3(iω˜n, iω˜+n ).
(27)
4Using eq. (22), the Hall conductivity is obtained as in the
same way of the conductivity σ:
σxy = −e
3v2B~
4pi2c
∫ ∞
−∞
dω[−f ′(~ω)]A3(~ω,Γ,∆), (28)
A3(x,Γ,∆) ≡ Γ
2 −∆2 + x2
4Γ2x|x|
(
pi
2
− Tan−1∆
2 + Γ2 − x2
2Γ|x|
)
+
1
(Γ2 + x2 +∆2)2 − 4∆2x2
(
(∆2 − x2)2 − Γ4
2Γx
+
4Γx
3
)
,
(29)
where the last term of A3 which is proportional to 4Γx3
stems from the first and the forth terms in eq. (22). At
zero temperature, we have σxy = − e3v2B4pi2c A3(µ,Γ,∆).
The chemical potential dependence of the Hall conduc-
tivity is shown in Fig. 1(c). In the dirty limit Γ → ∞,
and ∆, µ→ 0, the Drude-Zener formula is obtained with
Γ = ~/2τ , where τ is the mean-free time of qusiparticles.
This is consistent with the result obtained by formalism
of the Landau quantization[5].
Thermal Hall effect— Finally, we consider the thermal
conductivity. The thermal transport of the Dirac system
is discussed in the same way of Refs.[11, 17, 18]: For the
Hamiltonian density
ε(r) ≡ Ψ†(r)Hˆ0Ψ(r), (30)
where the differentiation operator in the one particle
Hamiltonian (1) is replaced as ∂α → (∂α −
←
∂α)/2, by the
partial integration of eq. (2). Then the time derivative
of the local energy is given by
ε˙ = Ψ˙†Hˆ0Ψ+Ψ†Hˆ0Ψ˙. (31)
The energy current JE is determined so that it satisfies
the following continuum equation,
ε˙+∇ · JE = 0. (32)
Thus we obtain
JαE = i
v
2
(Ψ†σαΨ˙− Ψ˙†σαΨ). (33)
The current-energy (ΠCEµν ) and the energy-energy (Π
EE
µν )
correlation functions are defined as in the same way of
eq. (18). These correlation functions have similar struc-
ture of the current-current correlation function:
lim
ω→0
βIm Π˜CExy (0, ω + iη)
~ω
= −e
2v2B
4pi2c
∫ ∞
−∞
dxf ′(x)[β(x − µ)]A3(x,Γ,∆), (34)
lim
ω→0
β2Im Π˜EExy (0, ω + iη)
~ω
=
ev2B
4pi2c
∫ ∞
−∞
dxf ′(x)[β(x − µ)]2A3(x,Γ,∆). (35)
In the zero temperature limit, using the relation∫∞
−∞
f ′(x)[β(x − µ)]ndx = 1 (n = 0), 0 (n = odd),
2n!(1 − 2−n+1)ζ(n) (n = even ≥ 2), it turns out that
eq. (34)= 0 and eq. (35)= −pi23 ev
2B
4pi2cA3(µ,Γ,∆) where
ζ(2) = pi2/6 is used. Since the thermopower related
to ΠCE does not contribute to the thermal Hall con-
ductivity κxy, the Wiedemann-Franz law κxy/σxyT =
(pi2/3)(kB/e)
2 is satisfied for the Hall and the thermal
Hall conductivities in the low temperature limit.
Summary— We have discussed the magnetic suscepti-
bility, the Hall conductivity and the thermal Hall conduc-
tivity of the 2D Dirac fermions in the weak magnetic field.
We have shown that strong diamagnetism appears even
in the gapped system if the Fermi energy is in the middle
of the gap. We have also shown that the magnetic sus-
ceptibility derived by the weak magnetic field formalism
is equivalent with that of the Landau quantization with
the Euler-Maclaurin formula. The other results includ-
ing the Hall conductivity are also consistent with those
of the Landau quantization formalism.
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